Shadow of a Kaluza— Klein rotating dilaton black hole 
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We study the shadow produced by a spinning Kaluza-Klein black hole in Einstein gravity coupled 
to a Maxwell field and a dilaton. The size and the shape of the shadow depend on the mass, the 
charge, and the angular momentum. We find that, for fixed values of these parameters, the shadow 
is slightly larger and less deformed than for its Kerr-Newman counterpart. 
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I. INTRODUCTION 

The study of the strong deflection gravitational lensing of light by compact objects has received great attention in 
recent years, motivated by considerable evidence of the presence of supermassive black holes at the galactic centers. 
The relevant astrophysical quantities, i.e. the positions, magnifications, and time delays of the relativistic images 
produced by black hole lenses, can be approximately obtained in an analytic way by using the strong deflection 
limit for spherically symmetric lenses [lMj]. The method relies on a logarithmic expansion of the deflection angle 
for light rays passing close to the photon sphere. Black hole lensing was also numerically studied [5(. Non- rotating 
black holes coming from alternative theories were considered as gravitational lenses as well [6, 7]. Kerr black holes 
were analyzed as lenses by several researchers [cj-fTTj]; in particular, the strong deflection limit was extended to these 
objects [8|, [Ty] . The shadows (or app arent shapes) of non- rotating black holes are circular, but rotating ones present a 
deformation caused by the spin [eJ [l3[ . This topic has been recently considered by several authors [l(| H5 - l2f| , both 
in Einstein gravity and in modified theories, since it is expected that direct observation of black holes will be possible 
in the near future [25U271 ] . In that case, the analysis of the shadows will be a useful tool for obtaining properties of 
astrophysical black holes and comparing different gravitational theories. For a review of strong deflection lensing and 
its consequences see, for example, Ref. |28[. 

The action corresponding to standard gravity coupled to the Maxwell field F^ v and the (scalar) dilaton field <j>, in 

2(V</>) 2 + e- 2 ^F 2 ] , (1) 



geometrized units (l6nG = c = 1), reads [291 - 4311 



where R is the Ricci scalar and g is the determinant of the metric of the spacetime. This action can be obtained, 
in the Einstein frame, within the context of low energy string theory with a Maxwell field, but with all other gauge 
fields and the antisymmetric field set to zero. The parameter 7 is included in the coupling between the dilaton and 
the Maxwell field, as is done in Refs. [3(1 131| : when 7 = the Einstein-Maxwell scalar lagrangian is recovered. The 
action ([!} leads to the Einstein equations with the dilaton and the Maxwell fields as the sources: 

V, t [e-^F^) = 0, (2) 
V 2 0+|e- 2 ^F 2 = 0, (3) 



(4) 
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The static spherically symmetric solutions of the field equations were obtained in Refs. 29, 30] for arbitrary values 
of 7. Exact stationary axisymmetric rotating solutions are only known for certain values of the coupling parameter: 
if 7 = one re-obtains the well known Kerr-Newman solution, and 7 = \/3 leads to the so called Kaluza-Klein 
rotating black hole. The latter solution, derived by a dimensional reduction of the boosted five dimensional Kerr 
solution to four dimensions, was first obtained in [32| and studied in detail in [3l|. Rotating solutions for arbitrary 
values of the coupling constant 7 were found for certain regimes: slow rotation (31| and small charge-to-mass ratio 
[33l ]. In the context of Einstein-Maxwell theory, i.e. with 7 = 0, charged rotating Kaluza-Klein multi-black- hole and 
multi-black-string solutions were recently found (34|. 

In this paper, we investigate the shadow cast by a Kaluza-Klein rotating dilaton black hole with charge, corre- 
sponding to a coupling parameter 7 = -\/3- We adopt the observables defined in Ref. fl9l ] and we pay special attention 
to the analysis of the shadow of the Galactic supermassive black hole. In Sec. HH we review the basic aspects of the 
geometry and we analyze the null geodesies of the rotating black hole. In Sec. IIII1 we obtain the size and the shape 
of the shadow as a function of the rotation parameter and the charge, and we study the case of Sgr A*. Finally, in 
Sec. |IVl we summarize the results and discuss the observational prospects. 



II. ROTATING KALUZA-KLEIN BLACK HOLE 



The rotating Kaluza-Klein solution is obtained by taking the product of the four dimensional Kerr metric, in the 
Boyer-Lindquist coordinates, with an extra dimension possessing translational symmetry, and then making a boost 
transformation with velo city v along the fifth dimension. The four dimensional section of the resulting five dimensional 
metric has the form [3lL l32j 



, 9 l-Z j0 2aZsm 2 9 , , 
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where m corresponds to the mass and a to the rotation parameter of the original Kerr solution. This metric, along 
with the non-zero components of the U(l) vector field associated to 



A t = 



2(1 -v 2 ) B 2 ' 



Alfi 2VT^B 2 



sin 



and the dilaton field 



V3 



logS, 



(6) 



(7) 



is a solution of the equations of motion of the action (fTJ for 7 = V3- The geometry ([5]) is asymptotically flat and 
represents a black hole with physical mass M, charge Q, and angular momentum J: 



M = m 



2(1 -v 2 )_ 



(8) 



Q = z 2 ' 9 

1 — v £ 

and 

The physical rotation parameter is defined by A — J/M. It is clear that the sign of the charge Q is determined by 
the sign of the velocity v of the boost, due to the physical bound \v\ < 1. Note that if v = one recovers the Kerr 
solution. The roots of S and Ao are associated to a curvature singularity at r = and 9 = vr/2, and to regular 
horizons, respectively. The event horizon is located at 



"' + 



+ \/m 2 - a 2 , (11) 
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and exists if m? > a 2 ; the equal sign corresponds to the extremal case. In what follows, we adopt M = 1, which is 
equivalent to adimensionalize all physical quantities with the mass of the black hole. In this case, from Eq. ([5]) we 
have that m = 2(1 — v 2 )/(2 — v 2 ). Then, in terms of the boost velocity v, the presence of the event horizon requires 
that 

M < 

Part of the light coming from sources behind the black hole reaches the observer after being deflected by the 
gravitational field of the compact object; but those photons with small impact parameters fall into the black hole. As 
a consequence, there is a dark zone in the sky which is named the shadow. The apparent shape of a black hole is then 
given by the boundary of the shadow. For obtaining this apparent shape, we need to study the geodesic structure, 
which is determined from the Hamilton-Jacobi equation: 

^ = _V^^ (13) 

where A is an affine parameter along the geodesies, g^ v are the components of the metric tensor, and S is the Jacobi 
action. If the problem is separable, the Jacobi action S can be written in the form 

S=^ 2 X-Et + L zV > + S r (r)+S e (9), (14) 

where /j, is the mass of a test particle. The second term on the right hand side is related to the conservation of the 
energy E, while the third term is related to the conservation of the angular momentum in the direction of the axis of 
symmetry L z . From the Hamilton-Jacobi equation, for null geodesies (/i = 0) we can obtain the equations of motion 
for the geometry given by Eq. ([5]): 



dt 2mr 
BE — = — t — 
d\ A 



^dip 2mr f 1 ^ Z — 1 2 



(15) 



and 



B *fx = {vT=^ aE - — csc 9L ' ) ' (16) 
B^ = Vn, (17) 



BE^Ve, (18) 

where the functions lZ(r) and 8(6') have the form 

n = K Kcir + { [(aE ~ L z ) 2 -2L 2 Z -1C + 2E 2 r 2 ] v 2 + 4aL z E(l - y/l -t- 2 )} , (19) 

6 = K + cos 2 9 ( a 2 E 2 - -^-) , (20) 
V sin 9 J 

with JC the Carter separation constant, and 

"KKcrr = [{r 2 + a 2 )E - aL z ] 2 - (r 2 - 2r + a 2 ) [JC + (aE - L z ) 2 } . (21) 

These equations determine the propagation of light in the spacctime of the Kaluza-Klein rotating dilaton black hole. 
As stated above, the geometry §5§ is asymptotically flat, so the trajectories of the photons are straight lines at infinity. 
Light rays are characterized in general by two impact parameters, which can be expressed in terms of the constants of 
motion E, L z and K,. We define, as usual, the impact parameters for general orbits around the black hole £ = L z /E 
and j] = K./E 2 . We use Eq. (|17l) to derive the orbits with constant r in order to obtain the boundary of the shadow 
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of the black hole. These orbits satisfy the conditions 7Z(r) — and dlZ(r)/dr — 0, fulfilled by the values of the impact 
parameters 

^) = ^7i ^—To 2vf N« 2 - r 2 )VT^+ + r(2 v 2 )]{2 - v 2 )} (22 ) 

a|2(l — v 4 ) — r(2 — tr )\ L J 



and 



r 2 



V (r) = q2[2(1 _ „ a) _ f(2 _ , 2)]2 {^M* + ~ ^) + 4(8 - ,(31 + 3(r - 6)r)V 
+2(-32 + r(58 + 3(r - 8)r))t> 4 - (r - 4) 2 (r - 2)w 6 ] 

+4A 0V / r[2i; 2 + r(2 - v 2 )](2 - v 2 ) y/l - v 2 + 2a 2 (2v 2 - 2v 4 + r(v 2 - 2) 2 )} , (23) 
which determine the contour of the shadow. 

III. BLACK HOLE SHADOW 

The location of the shadow in the observer sky is better described by using the celestial coordinates a and j3: 
the coordinate a is the apparent perpendicular distance of the image as seen from the axis of symmetry, and the 
coordinate is the apparent perpendicular distance of the image from its projection on the equatorial plane. These 
coordinates give the apparent position of the image in the plane that passes through the center of the black hole and 
is orthogonal to the line joining the observer and the black hole. We define tq as the observer distance to the black 
hole, #o as the inclination angle between the line of sight and the rotation axis of the black hole (i.e. the angular 
coordinate of the observer), and we can take without losing generality tpo = 0. Since the geometry given by Eq. ([5]) 
is asymptotically flat, one can place a Euclidean reference frame with the black hole at the origin, so that far away 
its coordinates coincide with the Boyer-Lindquist ones. Writing the point (a, 0) in the Euclidean frame, changing 
to spherical coordinates, and using the geometrical description of the straight line connecting the far away observer 
(ro — > oo) with the apparent position of the image, one can find that 

„2„ : „a dl P 



a = lim -ri sin6> -^- (24) 
r ->oo \ dr J 

and 

P= lim rl — ; 25 

r ->oo dr 

for a useful diagram and a detailed calculation, see Ref. Using Eqs. ((1~6)) . ((T7|) . and (|T5| to calculate d6/dr and 
dip/dr, one obtains 

a = -£csc(9 ( 26) 

and 



P = ±y r] + a 2 cos 2 O - £ 2 cot 2 6 . (27) 

These equations, which relate the celestial coordinates with the constants of motion, have the same form as in the 
case of the Kerr metric, with the new £ and r/ given by Eqs. (|2"2"|) and ([231) (a detailed derivation for the Kerr metric 
of the corresponding expressions for £ and 17, and for a and /?, can be found in Q). 

The size and the form of the shadow can be characterized by using the two observables introduced in [19j . The 
observable R s is defined as the radius of a reference circle passing by three points of the shadow: the top position 
(at,/3t), the bottom position and the point corresponding to the unstable retrograde circular orbit seen by 

an observer on the equatorial plane (a r ,0). The distortion parameter 5 S is defined by the quotient D/R Sy where D is 
the difference between the endpoints of the circle and of the shadow, both of them at the opposite side of the point 
(a r ,0), i.e. corresponding to the prograde circular orbit. The radius R s gives an idea of the approximate size of 
the shadow, while S s measures its deformation with respect to the reference circle (for more details, see [l9j]). If the 
inclination angle 9o is independently known (see for example [35|). precise enough measurements of R s and S s could 
serve to obtain the physical rotation parameter A and the charge Q, both adimensionalized with the black hole mass 
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as pointed out above. This information can be simply obtained by plotting the contour curves with constant R s and 
5 S in the plane (A, Q); the intersection point in the plane gives the corresponding values of the rotation parameter A 
and the charge Q. 

The gravitational effects on the shadow, which grow with 8q, are larger when the observer is situated in the equatorial 
plane of the black hole, that is, with an inclination angle 9q — ir/2. Also, for the Galactic supermassive black hole, 
the inclination angle is expected to lie close to tt/2. Then, we have the simple expressions 

a = -£ (28) 

and 

= ±VV, (29) 
for equatorial observers. The observables are then given by 

R = (at - a r ) 2 + P 2 t 
2\a t -a r \ 

and 

0.s — ; 



where (a p ,0) and (a p ,0) are the points where the reference circle and the contour of the shadow cut the horizontal 
axis at the opposite side of (a r ,0), respectively. 

To discuss the characteristics of the shadow, it is useful to work with the physical quantities A and Q (as stated 
above, M = 1). As a function of these parameters, the horizon is located at 




AA 2 



r+ = - 3- Vl + 2Q 2 + V2J5 + Q 2 -3Vl + 2Q 2 . (30) 

1-Q 2 + v/l + 2Q 2 y 



Thus, in order to avoid naked singularities one needs 
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\A\ < -y/2(l + y/1 + 2Q 2 ) - g 2 (10 + Q 2 - Ay/l + 2Q 2 ), (31) 

which is an equivalent condition to Eq. (|12j) . and implicitly defines a maximum value for the charge Qmax{A), as a 
function of A. 

The silhouette of the black hole is defined by a contour in the a-/3 plane, which can be found implicitly using Eqs. 
(|28|l and (|2^|) . The charge appears squared in all equations, so we take Q > without losing generality. In Fig. [TJ the 
shadows are shown for different values of the physical rotation parameter A and the electric charge Q, for a black hole 
located at the center of coordinates. In all the cases, we take values for the charges that go from to the critical value 
Qmax{A). The non-rotating case A — is shown in the top plot, for Q = (dashed-dotted line), Q — 0.5 (dashed 
line), and Q = 0.995 Q ma x(0) = 1-99 (dotted line). The size of the shadow decreases with the charge, from R s = 3\/3 
until it shrinks to a point when Q = Q m ax(0) = 2. This is a remarkable feature of this theory when compared with the 
Reissner-Nordstrom solution of General Relativity: in the latter case the shadow fades out with the charge Q, starting 
from R s — 3\/3, and reaches a minimum size at R s — 4 in the extremal case Q = 1. In the center and bottom plots we 
show the shadows corresponding respectively to A — 0.5 and A = 0.9, for Q = (center and bottom, dashed-dotted 
lines), Q = 0.5 (center, dashed line), Q = 0.3 (bottom, dashed line), Q = Q ma i(0.5) = 1.1298 (center, dotted line), 
and Q = Q ma ,x(0-9) — 0.4583 (bottom, dotted line). Again, the size of the shadows decreases with Q, starting from 
the same value of R s as for the Kerr solution for fixed A and Q — 0, and reaching different extremal sizes for fixed 
A and Q = QmaxiA), when compared with those obtained with the Kerr-Newman solution. The maximum allowed 
charge for fixed A is larger for Kaluza-Klein black holes than for Kerr-Newman ones, so this kind of black holes can 
harbor larger amounts of charge than their General Relativity counterparts before becoming naked singularities. The 
size of the shadows of Kaluza-Klein black holes are always bigger than those of Kerr- Newman ones, for the same 
values of A and Q < Q™ x < Q™ x . 

In Fig. [3 (top plot), the behavior of the shadow radius R s can be seen as a function of the charge Q, for several 
values of the physical rotation parameter: A = (full line), A = 0.5 (dotted line), and A — 0.9 (dashed-dotted line). 
This observable gives information about the size of the shadow, and it is clear that it decreases with Q for all A, and 
that the values of R s are similar for the different values of A considered here, making the curves not distinguishable 
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FIG. 1: Silhouette of the shadow cast by a black hole situated 
at the origin of coordinates with inclination angle 8o = 7r/2, 
having a physical rotation parameter A and a charge Q. Top: 
A = 0, Q = (dashed-dotted line), 0.5 (dashed line), and 
1.99 (dotted line); center: A = 0.5, Q = (dashed-dotted 
line), 0.5 (dashed line), and Qmax = 1.1298 (dotted line); 
bottom: A — 0.9, Q = (dashed-dotted line), 0.3 (dashed 
line), and Q ma x = 0.4583 (dotted line). All quantities were 
adimensionalized with the physical mass M of the black hole 
(see text). 
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FIG. 2: The top and center figures show, respectively, the 
observables R 3 and S a as functions of the charge Q, for a 
black hole at the origin of coordinates, with an inclination 
angle do = tt/2, and the physical spin parameters A = (full 
line), A = 0.5 (dashed line), and A = 0.9 (dashed-dotted 
line). A smaller range of Q is shown in the frame inside the 
top plot, in which the different curves can be distinguished. 
The bottom figure shows the contour plots of R 3 (full line) 
and 5s (dashed line) in the plane (A, Q); each curve is labeled 
with its value of R s or S s (the gray zone corresponds to naked 
singularities). 



7 



in the range < Q < 2. From the frame inside, where the range of Q is smaller, it can be seen that R s increases with 
A, and the difference between its value for A — and for A = 0.9, for fixed Q, is of order 3 x 10" 3 . Each curve ends 
when the horizon ceases to exist and a naked singularity is formed, i.e. in the corresponding critical value Q m ax(A). 
The distortion of the shadow with respect to the circumference of reference S s is plotted in Fig. [5] as a function of the 
charge Q (center plot), for A = (full line), A = 0.5 (dotted line), and A = 0.9 (dashed-dotted line). This observable 
increases with the charge until a maximum distortion, obtained for the critical value Q m ax(A). The distortion is an 
increasing function of A for a fixed value of Q. For the same values of A and Q < Qmaxi the shadows corresponding 
to Kaluza-Klein black holes are less distorted than the shadows of Kerr-Newman ones. In the bottom plot of Fig. [5] 
the contour curves with constant R s and 5 S are shown in the plane (A, Q), for some representative values. The gray 
zone represents naked singularities, which are outside the scope of the present work, and the boundary between this 
area and the one corresponding to black holes is given by the curve Q ma x (A) . From an observational point of view 
this is an interesting plot, since the rotation parameter and the charge of the black hole emerge from the intersection 
of the curves with constant R s and S s , whose values come from the observations: once those values are observed, one 
can extract the corresponding values of A and Q from this kind of plot with no ambiguity due to the fact that the 
contours of these observables intersect each other in a unique locus (A, Q). 

The observable R s can be used to estimate the angular size of the shadow 9 S = R S M/D a , with D a the distance 
between the black hole and the observer. It is not difficult to see that 9 S = 9.87098 x 10^ 6 R S (M/M Q )(1 kpc/D a ) 
/ias. To have an idea of the numbers involved, let us analyze the case of the supermassive Galactic black hole Sgr A*, 
for which M — 4.3 x I0 6 M© and D a = 8.3 kpc (36[. The observable 5 S (%) shows how the shadow is deformed with 
respect to a circle. Assuming that the observer is in the equatorial plane, the results for some values of the parameters 
can be summarized in the following table: 
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3.64816 


A = 0.9 
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0.05 


0.1 





0.05 


0.1 


6» s (^as) 


26.5855 


26.5744 


26.5413 


26.5855 


26.5745 


26.5414 


*.(%) 


13.8666 


13.9301 


14.1248 


13.8666 


13.9300 


14.1236 



From the table one sees that the shadows for fixed charge and physical rotation parameter corresponding to Kaluza- 
Klein black holes are bigger and less distorted than those corresponding to Kerr-Newman solutions. This effect is 
more significant for the case A — 0.5 and Q = 0.4, where the difference between both values of S is approximately 
0.1%. This means that if one hopes to see this kind of deviations from General Relativity one needs a resolution of 
the order of 0.01 //as or better. 

IV. CONCLUSIONS 

In this article we have studied the size and the shape of the shadow cast by a rotating charged dilaton black hole, 
with coupling constant 7 = y3j corresponding to a Kaluza-Klein reduction to four spacetime dimensions. We have 
found that, for fixed rotation parameter, mass, and charge, the presence of the dilatonic field leads to a shadow that 
is slightly larger and with a reduced deformation, compared with the one corresponding to the General Relativity 
solution. 

Direct observation of black holes will be possible in the near future, and their shadows are the main feature. One 
way for detecting the apparent shape of a black hole is by using the very long baseline interferometer technique in 
(sub)millimeter wavelengths 37, 38]. In particular, the Event Horizon Telescope, which consists of telescopes scattered 
over the Earth forming an Earth-sized high-resolution telescope [3!|, will reach a resolution of 15 /Ltas at 345 GHz in the 
next few years In addition to the Event Horizon Telescope, other missions like RadioAstron and Millimetron are 
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planned for measuring in the radio band, and MAXIM in the X-band. The hrst one is a space-based radio telescope 
launched in 2011, capable of carrying out measurements with 1-10 /zas angular resolution [ill Ell- The space-based 
Millimetron mission may provide the angular resolution of 0.3 //as or less at 0.4 mm [38[. The MAXIM project is a 
space-based X-ray interferometer with an expected angular resolution of about 0.1 /xas (see [4l[ for further details). 
These instruments will be capable of observing the shadow of the supermassive Galactic black hole as well as those 
corresponding to nearby galaxies [38[. However, in order to detect the deviations mentioned in the present article, 
an angular resolution of 0.01 fj,as is needed. So it will not be until the next generation of instruments that it will be 
possible to distinguish between the different gravitational theories considered here. 
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